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In previous papers]’z’3

we have shown that enhancement of random diffusion

by the beam-beam interaction can occur, and presented a theoretical model which
approximately describes this enhancement. In this note we explore this enhance-
ment more completely and systematically. We present results of numerical simula-
tions which exp]bre fractional tunes between 0.0 and 0.5 and tune shifts between
0.0 and 0.10, and obtain a complete mapping of this region in tune, tune shift

(v, Av) space. OQOur theoretical model is also described and tested systematically,

and is found to provide an adequate approximate description of the phenomena.

I. Equations of Motion and Simulation Procedure

In the simulations below, hundreds of particle orbits are tracked through
thousands of turns. Transport about one turn is simulated as the product of two

matrix multiplications:

X 1 0 cos(2mv) B sin(2mv) X
= (1)
x' :E%AE-F(X)X 1 -%—sin(Zwv) cos(2mv) X'
Final
We have approximated the beam-beam interaction as a "zero-length! - "weak-

strong" interaction, where“zero-length" means a truncation of the interaction to -
a velocity kick and "weak-strong" means the force produced by the opposite "strong"

beam is unchanged from turn to turn. The above transformation is equivalent to

# Operatad by Universities Research Asscciation Inc. under coniract with the United States Department of Energy
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integration of the equation of motion:

x" + K(s)x = 'ﬁ;“ F(x) x 6p(s). (2)
0

For F(x) we have used the 1-D truncation of the force from a round

2

gaussian beam - X
2

F(x) = l:?zg - (3)

x2

202

The parameters 02 = (.0816)2 mm2 and Bo = 2 m are chosen to agree with

expected Tevatron pp collision parameters, and the simulation approximations
also agree with pp collision conditions.
A tune at small amplitudes Ve €an be found by noting that as x>0, the

beam-beam force becomes

-4 Av (4)

Ax' = X
8o

and the transformations of Equation 1 are now linear. Vo is found by con-

sidering the transformation from the center of an interaction to the next, that

is:
cos Zwvo Bo sin vao

-—l—sin 2m cos 2mv
BO 0 o

] 0 " cos 2my B8 sin 2w 1 0

= (5)
~4Av 1 s . ~4mav
280 1 "3 sin 2rv cos Zmv ——Egg- 1

which implies
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cos Zwva = cos(2mv) - 2nAv sin{2nAv) (6)

B sin Zm)o = B sin 2mv . (7)

0

The parameter values for the simulations below are set by the
following procedure: By is set equal to the value of 2. m. for all cases.
An approximate for Vo vo*, is set to a "bench mark" value (0,, 0.05, 0.10,
0.45). The parameter Av is then set to one of the values (0.0, 0.005, 0.01,...
0.10) and v is set by v = vo* - Av. The precise value of Vo is found
from Equation 6, and Equation 7 is used to find the transfer matrix value of B.
In each simulation a set of initial particle positions is generated
randomly within a bigaussian diStribution and then transported through 200,000

turns, with a random diffusion kick con each turn.

Random diffusion is simulated by adding a random velocity on each turn
x'+x'+4a-R (8)

where R is a random number between -1 and +1 and A is an amplitude parameter.
In the simulations reported in this note A is chosen with a size that doubles
rms beam size within a few hundred thousand turns. This is larger than the
expected random diffusion from beam-gas scattering, RF noise and power supply
ripple in the Tevatron. The larger size is deliberately chosen to display
noticeable effects in reasonable computer times.

The diffusion expected from a given value of A can be calculated, The

change in emjttance ¢ is

2 ———
de _ d X 2
dat = ¢ 3 g, " Fo x!
- 2 _
—BOA —Doa (9)
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In the simulations the quantity

7 N
e =3 2+ 8 x'2
BO o

(10)

is calculated for a set of particle trajectories every 2000 turns. A straight
line least squares fit for ¢(f) is calculated to find a diffusion constant D

which is compared with D0 by the enhancement factor Xg

D= x.D_.

XE 0

1

In a previous paper’ we explored the dependence of Xg on tune, tune shift

(v, Av) and D0 for some selected values. In that paper it was found that Xg is

independent of Do’ in agreement with our theoretical model.2

In this note D0
is kept constant while the dependence of Xp on v and Av is investigated.

II. Simulation Results

In this paper we report two independent sets of simulations: single
precision with 500 particle trajectories and double precision with 200 tra-

jectories. In Table I we display Xe for the single precision results. In

Table Il we present a more detailed compilation of these results. Xg at t

50,000, 100,000, 150,000 and 200,000 turns is shown; A weak dependence on

ct

can be seen in some simulations,
An rms error in the "least squares" calculation of the slope parameter

D has also been calculated and leads to an error in Xg denoted by Ax In

£

1 H 2 ¥ 1] n s
Table 11 ENmin is xE - AxE and ENmax is Xe + AxE.

Accuracy tests were performed for several of these cases. For one case
(v = .06, Av = .09) we perform a reversibility test, in which 500 orbits were
transported forward 100,000 turns without diffusion and then reversed. In single

% in position, which is of the same order

precision this lead to errors up to 10°
as a single diffusion kick in these simulations (A = .0002 mr). Double precision

errors are 10"]4.
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A second test is comparison of single and double precision. Trajectories
were found to differ substantially after 50,000 turns. To summarize the
accuracy test results, we state that significant deviations in trajectories
can develop over 200,000 turns in single precision. If these deviations are
random, they will only provide an unimportant jitter to the random diffusion.
However it is conceivable that these deviations may add systematically and to
eliminate this possibility the simulations were reperformed in double precision.

Tables III and IV display results of double precision simulations for the
same parameters as single precision except that only 200 trajectories per
simulation are included, and this trajectory set is independent of the cor-
responding single precision trajectories. No significent deviations from the
single precision results are noted, indicating that accuracy errors are not
systematic.

In Figures 1,2,3 we graph the double precision enhancement factors. In
Figure 1, points with equal vo* are connected. In Figures 2 and 3 points with
equal Av are connected.

The enhancement factors of Tables I and III can be correlated with the
phase space plots of Reference 4. Enhancement factors greatly different from

1 are clearly associated with resonance features jn the phase space trajectories.

As an example we display the phase space plot of case 108 (v
The enhancement factor of 6.39 is correlated with a large fourth order resonance.

I1I. Discussion of Enhancement Factors - Causgs of Enhancement

In these simulations, the transport parameters are chasen such that motion

of small amplitude particles is approximated by the Tinear matrix with

1§

vo*. Very Targe amplitude particles would have

motion corresponding to B, v and these will not equal Bo’ v

B-function 60, and tune Vo
. Other particles
would have effective values between B and Bo, v and Vo

Qur formula for unperturbed diffusion

24, Av = ,06)(Fig, 4).



should be replaced by

ﬁo = <B> <Aaz> (11)

where <8> is a mean B-function value. We expect that Xg would be given by

- SB>
Xg = B, (12)

In the simulations B>B, for v0>.25 and B<Bo for u0<.25 {see Table II,
Reference 4). As can be seen from Tables I-IV values of Xg for Vo> 0.25 and
Av relatively large show xE<I as expected and those with v0<.25 show xE>1.
This distortion is particularly large for v=0.0 where <g> >> Bo and for
v0-+.5 where <g> << 80. The magnitudes of Xp are in agreement with that
expected from Equation 11, except for cases with large resonances.

The appearance of large low order resonances substantially modifies
diffusion enhancements, as we have previously noted.1’2’3
We have previously presented a model2 to describe this enhancement which
we investigate more thoroughly in this note. In this model we note that particle

motion is significantly distorted by resonances, leading to changes in particle

amplitudes I, where

2
1=2-+-9% (13}
28, 2

Particle amplitudes which reach the lower boundary of a resonance, IT
(see Figure 5) by random diffusion can reach the much larger amplitude 424
by an infinitesimal diffusion kick. (A is the resonance half-width.) The
resonance places the amplitudes IT and IT+ZA adjacent so that diffusion moves

rms particle amplitudes by 2A when IT is reached,
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We have defined rms emittance by
- X _
e =3(gtx B /) = 6<I>, (14)

Diffusion enhancement by resonances modifies D0 as shown in the

equation

where %-is the rate at which particles reach the threshold IT'
%—can be estimated by considering the change in the particle distribution

caused by random diffusion. The initial distribution is gaussian:

K x?
2 2
f(x,x') a e 20 e 20
(16}
-I/I0

or f(I) ae

To estimate particle flux at IT we calculate the change in the number

of particles with I<IT, obtaining

: : —
N ~.d T Il 1o
M - f(1) dI = e (17)
W dtf0 ) T
0
io o
T~ Is the same as = . Equation (15) can be written as
0 o
b
. I I
g = €o 1 +%Z-Tl-e O A
0 ‘o
i (e
I I
or XE = 1+]—2——fle ° A,
0 ‘o
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Xg can now be calculated provided IT and A can be measured on the phase-space
trajectory plots of Reference 4 or calculated in the single resonance model.

In Appendix A we describe this calculation. In Table 5 we compare results of
these two methods, and compare the measured with calculated enhancement factors.
The results of the calculation in Appendix A are that the resonance Tocation

Ip is found from the solution of the equation

V=V

N' -
B -l (=0, (19)

where vp is the resonant tune, and the resonance width is found from

(20)

IT =1 ~ A, (21)

The scaled potential functions Uﬁ(x) are defined in Appendix A and displayed
graphically in Figures 6 and 7.

These functions are used to calculate resonance locations and widths
(Ip, A) which can be compared with those obtained from phase space plots as
shown in Table V. Agreement is quite good{with ~10-20% errors)as may be
expected from higher order corrections to the single resonance model.

The threshold value IT is not well represented by (Ip-A) for 1/4, 1/6
resonances since the calculated values of A are ZIP, which would imply
ITSO. Higher order nonlinearities move IT to larger values and the measured
values of I are used in the enhancement factor calculations.

Tv. Ca]cu]atjpn of Diffusion Enhancement

In Table V enhancement factors for 1/4, 1/6 and 1/8 resonances are

calculated and compared with simulation results. In these, the measured IT
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and calculated A are used. The calculated Xg are not corrected for the
shift in B noted above, This shift increases Xg for v<0.25, Av large and
decreases Xg for v>0.25, Av large.

The comparison between calculated and simulated Xg is not expected to be
extremely accurate, since both values can contain significant inaccuracies.

The calculated Xg contain an inaccuracy of ~10-20% simply from the
single resonance approximation. For example, a 1/4 resonance also contains
2/8, 3/12, 4/16 """ resonances which could shift the resonance width by ~10%.
Also the calculated Xg has a strong dependence on IT because of the exponential
factor e_IT/Io. A small error in IT can change Xg substantially.

The simulation values of Xg can have large statistical inaccuracies
because of the fact that resonance enhancement operates through the subset of
particle trajectories which lie near resonances. In typical cases this can
be ~5 to 10 out of 200 particle orbits. The single precision cases, with
500 orbits, have much better statistics and are much more accurate.

Calculated and simulation Xg agree to within ~10 to 20%, as shown in
Table V. This is within expected errors and shows that our theoretical model
describes the diffusion enhancement and can predict its hagnitude.

This model can be extended to 2-D, where similar behavior is expected,
The density of resonances will be larger because of the additional possibility
of "coupling” resonances (such as vx-+vy = 1). 2-D behavior will be explored

in future work,
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Table 5 Resonance Diffusion Enhancement

(a) 1/4 resonance

v Av Ip A A - Ly Xg Xp
(calculated) (measured) (measured) (calculated) {measured)

.20 10 .0075m -0076 .0077 .00152 2,32 2.52
.205  .095 .0085 .0085 .0082 .00185 2.63 2.70
210 .090 .0093 ;0]0 .0084 .0022 3.05 2.79
215 .085 .0103 .01 010 .0025 3.36 2.94
.220  .080 .012 .014 012 .003 3.76 3.55
.225  .075 .014 .016 .015 .003 4.60 3.73
230 .070 .017 021 .020 .004 5.60 3.80
.235  .065 .022 .029 .025 .006 6,08 4.97
.240  .060 .033 .046 044 .008 6.76 6.92
.245  .055 .064 102 - .097 013 6.15 6.68

For these cases {v near 0.25) the approximation B 3 Bo is reasonably accurate.
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(b) 1/6 resonance, 1/8 resonance

v AV Ip A A IT XE XE
(calculated) (measured) (measured) (calculated) (measured)
a5 .10 .032 .026 .029 013 2.21 2.86
155 .095 .046 043 .047 015 2.14 2.36
160 .09 .079 .089 .097 022 1.46 2.11
%.004 001 - .003
d0 08 1.47 1.81
3020 .006 .0063 014
%,oo4 .001 .001 .002
105 095 % 1.42 1.83
¥ .025 .009 .0085 016
-%.005 .0012 001 .002
110 .090° 1.63 1.91
033 015 016 .016
%.005 .0013 .001 .002
115085 1.94 2.10
5048 .029 .029 .016
120 .080 %0055 .0015 .0016 .004 1.34 1.65
125 .075%.0063 .0019 002 .0044 1.40 1.47
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v Av Ip A A IT Xg Xg
‘ (calculated) (measured) (measured) (calculated) (measured)
.13 07 .007 .0023 .002 .0041 1.48 1.37
.135  .065 .0078 .0027 .0035 .0045 1.54 1.34
.14 .06 .0093 .0036 .004 ' .0056 1.68 1.54
145 055 .07 .0048 .0065 .0060 1.82 1.59
.15 .05 .014 .0071 .0086 .0077 2.98 1.98
.155  .045 .019 .0018 .0148 .0095 2.17 2.08
160 .04  .033 .0265 .0296 0.0146 1.87 2.04
31 .04 .0055 .0015 .002 .0048 1.31 1.21
.315 .035 .Q07 .0023 .002 0065 1.38 1.22
.32 .03 .0092 .0036 .003 .0077 1.50 1.41
.325 .025 .0128 .0061 .008 .0095 1.60 1.49

.33 .02 .0325 .0265 .028 .016 1.63 1.59
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Appendix A

Resonance Widths in the Single Resonance Model

The matrix multiplications of Section I are equivalent to integration

of the equation of motion

=8
2
2g
4 Av | 1-e
[N - -
X'+ K(s)x ) x2 X 6p(s) (A-1)
202
which can be rewritten as the equation
X'+ K(s)x = - 22X g (o) (A-2)
X p
where U is a potential function.
The Hamiltonian associated with (19) is:
_1,.2 2
H = 2{p +K(s)x°) + U(x) Gp(s). (A-3)

To obtain the single resonance form we apply three successive canonical
transformations: a Courant-Snyder transformation, an action-angle transforma-
tion and a slow variable transformation. These can be combined in a single

canonical transformat1on5 with the generating function

2 '
S(x058) = g0y [tanq»(s,w) %‘il] (A-4)
where
s
¢=¢+up%+ J (%—%)ds' (A-5)
)

and g is the Courant-Snyder B-function, 2mR is the storage ring circumference,

vp is a resonant tune (see below), and ¥ is a betatron phase. From the



generating function, we find:
x = v2I8 coso (A-6)

!
p = %%— sin¢-—%?-cos¢.

The new Hamiltonian is:

H(L,,8) = (v-vp)I + ap(e) U(v/2IR{0) coso) (A-7)

where 6 = s/R, our new independent variable,

The beam-beam perturbation sp(e) U{x) is expanded as a double Fourijer

series in 9 and ¢:

5,(0) = S (A-8)

U(v2IB(0) cos¢) = UO(I)-PZ ; Um(I) cos mé

m=1
= T U, (1) ™™ (A-9)
where
V(7 e
Um(I) = 5= . U(/2I8 cos¢) cos mpds. (A-10)

The "slow approximation"” is used, which means ignoring fast changing
parameters. In

Re 1 Y
¢ = U+ VB j ds' sy ‘ﬁ') (A-11)
0

Y is the slowly changing variable, and Vi is some resonant tune {%—and the

integral over s' is a fast oscillation, and all terms in the fourier
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expansion except those with Vg =

Keeping only the lowest order slow terms, we obtain

3=

are fast.

ap(e) U(/Z_IBIOT. co$¢>)

v {1y o (I)
= °2Tr' + mﬂ cos my (A-12)

and the Hamiltonian is

(D Uy (D)

HZ (v=u )l + 5 —— C0S mq; (A-13)

P

Fixed points occur where y' = 0 and I' = Q

RULRES %¥-= v=yy + Ué(I) + U (1 cos my
I =%=21—T—m sin my (A-14)
or
v=0, w/m, ', B0,
and
v-up + ;%-t 2é-= 0.

If Ué << Ué, fixed points are at I = [

D the solutions of

U (1)

- + = .
v vp 0

{A-15)
The Hamiltonian in the region near Ip(I = Ip) can be written as

: u_'(1) ux (1)
H = H, + —QEE——-(I-Ip)2-+~le—E—-cos m W (A-16)
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which is recognizable as the Hamiltonian for a pendulum. A resonance

half-width can be found from the boundary of the separatrix:

8 U (I
22 = (1-1)% = 8 Un (1) . (A-17)

p (]
max U0 (Ip)

The threshold value IT is simply given by

The calculated values of IT, Ip and A can be used to estimate diffusion
factors.
N N
The scaled potential function U(x) and the Fourier components Um(I) can be
calculated numerically. In Reference 2 results of numerical calculation for
potentiais from our gaussian charge distribution are presented. The

scaled functions
N _ ) '
Um(x) -1IX xF(x') dx
0

and

N 1 T N

U (1) = 5= U™ (V218 cos¢)cos md do
0

are calculated, where F(x) is given by Equation (3), and o and R have the

"Tevatron" values: .0816 mm and 2.0 m. In Figures 6 and 7 we display some

of these results graphically.
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valusa after 200,000 turms;
200 particles.
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